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ON EMBEDDABILITY OF JOINS AND THEIR ‘FACTORS’
S. PARSA AND A. SKOPENKOV
Abstract. We present a short and clear proof of the following particular case of a
2006 unpublished result of Melikhov-Schepin. Let K be a k-dimensional simplicial
complex and K ∗ [3] the union of three cones over K along their common bases.
If 2d ≥ 3k + 3 and K ∗ [3] embeds into Rd+2, then K embeds into Rd. We also
present a generalization of this theorem. The proofs are based on the Haefliger-
Weber ‘configuration spaces’ embeddability criterion, equivariant suspension theorem
and simple properties of joins and cones.
We present short and clear proofs of Theorems 1 and 3.b which first appeared in
the unpublished paper [MS06, (iv) ⇒ (i) of Corollary 4.4, Theorem 4.5]. We prove
Theorem 3.a which is a generalization of Theorem 1, and is a version of Theorem 3.b
without any condition on the given embedding of the join K ∗ L.
We abbreviate ‘k-dimensional simplicial complex’ to ‘k-complex’.
Theorem 1. Let K be a k-complex and K ∗ [3] the union of three cones over K along
their common bases. If 2d ≥ 3k + 3 ≥ 6 and K ∗ [3] embeds into Rd+2, then K embeds
into Rd.
Corollary 2. If 2d ≥ 3k + 3 ≥ 6 and a (k + 1)-complex P embeds into Rd+2, then the
triple intersection K of links of any three vertices of P is a k-complex embeddable into
R
d.
This follows by Theorem 1 because P contains K ∗ [3].
Denote by
Y ×2∆ := {(x, y) ∈ Y × Y : x 6= y} and Y
∗2
∆ := {[(x, y, t)] ∈ Y ∗ Y : x 6= y}
the deleted product and the deleted join of a complex Y . Consider the antipodal
involution on Sm and the involutions (x, y)↔ (y, x) and [(x, y, t)]↔ [(y, x, t)] on these
spaces.
Theorem 3. Let K and L be a k-complex and a complex. Assume that 2d ≥ 3k + 3,
g : K ∗ L→ Rd+q+1 is an embedding and either
(a) there is a Z2-equivariant map ϕ : S
q → L∗2∆ , or
(b) there is a Z2-equivariant map ψ : S
q−1 → L×2∆ and g is level-preserving, i.e.
g([x, y, t]) ⊂ Rd+q × t for any x ∈ K, y ∈ L and t ∈ [0, 1].
Then K embeds into Rd.
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Theorem 1 follows by Theorem 3.a or by (parts (a,b,e,f) of) the following Lemma 4
(because k ≥ 1 ⇒ 3k + 3 ≥ 2(k + 2)). Of this lemma parts (a,b,c,d) are known, and
parts (e,f) easily follow from known results. In the rest of this paper we replace Y ×2∆
and Y ∗2∆ by their Z2-equivariantly homotopy equivalent simplicial versions [Ma03, §5].
Lemma 4. Let K be a k-complex. Denote by pim
Z2
(X) the set of Z2-equivariant maps
from a Z2-complex X to the m-sphere.
(a) If K embeds into Rd, then pid−1
Z2
(K×2∆ ) 6= ∅.
(b) (Haefliger-Weber theorem) If pid−1
Z2
(K×2∆ ) 6= ∅ and 2d ≥ 3k + 3, then K embeds
into Rd.
(c) (equivariant suspension theorem) The equivariant suspension
Σ : pim−1
Z2
(X)→ pim
Z2
(ΣX)
is a 1–1 correspondence for dimX ≤ 2m− 4 and is surjective for dimX ≤ 2m− 3.
(d) There is an equivariant surjective map p : (ConK)×2∆ → Σ(K
×2
∆ ) whose only
non-trivial preimages are those of the vertices of the suspension and are c × K and
K × c, where c is the vertex of the cone.
(e,f) There are maps
pid−1
Z2
(K×2∆ )
(e)
→ pid
Z2
(K∗2∆ )
(f)
→ pid+2
Z2
((K ∗ [3])∗2∆ )
which are 1–1 correspondences for d ≥ k + 2 and are surjective for d ≥ k + 1.
Proof. Part (a) is easy and part (b) is the non-trivial main result of [We67]. See [We67]
or the survey [Sk06, §5].
Part (c) is [CF60, Theorem 2.5], see also [Sk02, Theorem 2.5].
Part (d) is [Sk02, Cone Lemma 4.2.1] (this part of [Sk02, Cone Lemma 4.2] is easy
and could have been known in folklore before [Sk02]).
Take the map of (e) to be the composition
pid−1
Z2
(K×2∆ )
Σ
→ pid
Z2
(Σ(K×2∆ ))
p∗
→ pid
Z2
((ConK)×2∆ )
J
→ pid
Z2
(K∗2∆ ),
where J is the 1–1 correspondences given by [Ma03, Exercise 4 to §5.5].
A Z2-equivariant map (ConK)
×2
∆ → S
d is nice if it maps c ×K and K × c to (the
opposite) points of Sd. For d ≥ k + 1 any map c×K → Sd is null-homotopic, so any
Z2-equivariant map (ConK)
×2
∆ ×Y → S
d is Z2-equivariantly homotopic to a nice map,
so p∗ is surjective. For d ≥ k + 2 any map Σ(c ×K) → Sd is null-homotopic, so any
Z2-equivariant homotopy (ConK)
×2
∆ × I → S
d between nice maps is homotopic to a
homotopy through nice maps, so p∗ is injective.
By [Ma03, §5] we have Z2-equivariant homeomorphisms
(K ∗ [3])∗2∆
∼= K∗2∆ ∗ [3]
∗2
∆
∼= K∗2∆ ∗ S
1 ∼= Σ2K∗2∆ ,
where [3] is the 0-complex with 3 vertices. Take the map of (f) to be the double
equivariant suspension Σ2.
Now (e,f) follow by (c). 
Proof of Theorem 3.a. Apply Lemma 4.a and the surjectivity part of Lemma 4.e for
the complex K ∗ L embeddable into Rd+q+1. Since (K ∗ L)∗2∆
∼= K∗2∆ ∗ L
∗2
∆ [Ma03, §5],
we obtain a Z2-equivariant map α : K
∗2
∆ ∗L
∗2
∆ → S
d+q+1. Then α ◦ (id ∗ϕ) : K∗2∆ ∗S
q →
Sd+q+1 is a Z2-equivariant map.
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There is a Z2-equivariant homeomorphism K
∗2
∆ ∗ S
q ∼= Σq+1K∗2∆ . Since k < d, by
Lemma 4.c the equivariant suspension
Σq+1 : pid
Z2
(K∗2∆ )→ pi
d+q+1
Z2
(Σq+1K∗2∆ )
is a 1-1 correspondence. Hence pid
Z2
(K∗2∆ ) 6= ∅. Then by Lemma 4.e pi
d−1
Z2
(K×2∆ ) 6= ∅. So
by Lemma 4.b K embeds into Rd. 
Proof of Theorem 3.b. Since f is level preserving, there is a map f0 : K ∗ L → R
d+q
such that f([x, y, t]) = f0([x, y, t])×t. For any (x, x
′) ∈ K×2∆ , (y, y
′) ∈ L×2∆ and t ∈ [0, 1]
we have f0([x, x
′, t]) 6= f0([y, y
′, t]). Hence a Z2-equivariant map
f˜ : K×2∆ ∗L
×2
∆ → S
d+q−1 is defined by f˜([(x, x′), (y, y′), t]) =
f0([x, x
′, t])− f0([y, y
′, t])
|f0([x, x′, t])− f0([y, y′, t])|
.
Then f˜ ◦ (id ∗ψ) : K×2∆ ∗ S
q−1 → Sd+q−1 is a Z2-equivariant map.
There is a Z2-equivariant homeomorphism K
×2
∆ ∗ S
q−1 ∼= ΣqK×2∆ . Since k < d, by
the surjectivity part of Lemma 4.c the equivariant suspension
Σq : pid−1
Z2
(K×2∆ )→ pi
d+q−1
Z2
(ΣqK×2∆ )
is surjective. Hence pid−1
Z2
(K×2∆ ) 6= ∅. So by Lemma 4.b K embeds into R
d. 
Remark 5. (a) Our proofs of Theorems 1 and 3.b are simpler than those from [MS06,
proofs of (iv) ⇒ (i) of Corollary 4.4 and of Theorem 4.5] because we use equivariant
maps instead of the obstruction Θd whose definition (even for polyhedra) requires
several pages. In particular, we use Lemma 4.b instead of its reformulation in terms
of the obstruction Θd [Me06, Theorem 6.3]. We explicitly use the deleted join which is
more convenient for calculations than the deleted product. Thus although our proofs
are clearer and shorter, they are not alternative proofs based on very different ideas.
(b) A particular case of [BKK, Lemma 9] for the three-point set K2 is a homological
mod 2 version of the case d = 2k of Theorem 1 (see also discussion before Proposition
5 in [BKK] of the condition (3) from Definition 4 of [BKK]).
(c) The paper [Pa20a] proves the case d = 2k of Theorem 1 by proving that taking
the join of K with three-point set raises by 2 the so called Smith index of K×2∆ .
(d) Theorem 3.a is in a sense a generalization of the following Grunbaum-van Kampen-
Flores theorem [Gr69]: if Ki is the ki-skeleton of the (2ki + 2)-simplex, i = 1, . . . , p,
then the join P = K1 ∗ . . . ∗Kp does not embed into the Euclidean space R
2 dimP , where
dimP =
∑
i di + p − 1. This follows from Theorem 3 for k1, . . . , kp > 2 by induction
on p because the deleted join K∗2n,∆
∼=Z2 S
2kn+1 [Ma03, page 117], [Gr69]. However, the
original proof is much simpler. Namely, analogously by induction on p the deleted join
of P is a sphere and the non-embeddability follows from the Borsuk-Ulam theorem.
(e) The existence of a Z2-equivariant map S
q → L∗2∆ implies the existence of a Z2-
equivariant map Sq−1 → L×2∆ . This follows by Lemmas 4.c,d and [Ma03, Exercise 4 to
§5.5], cf. proof of Lemma 4.e.
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